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Abstract
An exact solution for a nonrotating boson star in (2+ 1) dimensional gravity
with a negative cosmological constant is found. The relations among mass,
particle number, and radius of the (2 + 1) dimensional boson star are shown.




Self-gravitating systems have been investigated in various situations. Boson stars ( [1]
[2] for reviews) have a very simple constituent, a complex scalar eld which is bound by
gravitational attraction. Thus the boson star provides the simplest model of relativistic
stars.
The solutions for relativistic boson stars are only numerically obtained in four dimensions.
In (2 + 1) dimensions, static equilibrium congurations have been argued [3] in Einstein
gravity with a negative cosmological constant.
In this paper, we obtain an exact solution for a nonrotating boson star in (2 + 1) dimen-
sional gravity with a negative cosmological constant. We consider that the scalar eld has a
strong self-interaction. An innitely large self-interaction term in the model leads to much
simplications as in the (3 + 1) dimensional case [4]. The study of exact solutions will lead to
a new aspect of gravitating systems and clarify the similarity and/or the dierence among
the other dimensional cases.
We consider a complex scalar eld with mass m and a quartic self-coupling constant .
















where R is the scalar curvature and the positive constant C stands for the (negative) cos-
mological constant. G is the Newton constant.
Varying the action (1) with respect to the scalar eld and the metric yields equations of
motion. The equation of motion for the scalar eld is
r2’−m2’−  j’j2 ’ = 0; (2)





















We assume the three-dimensional metric for a static circularly symmetric spacetime as
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where , , and γ are functions of the radial coordinate r only, while γ0 is a constant.
Because of the coordinate invariance with respect to r, we have a freedom in choosing the
function (r). We will use this residual \gauge choice" later.
We also assume that the complex scalar has a phase which is linear in the temporal
coordinate:
’ = e−i!t’(r); (5)
where ’(r) is a function of the radial coordinate r only and ! is a constant.






















































































For convenience, we rescale the variables as





; ~! = !=m; and ~C = C=m2: (10)
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~’4 + ~C: (14)
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 ~’; and C =  ~C: (15)
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’4 + C; (19)
where 0 denotes the derivative with respect to r.
For the limit of large self-coupling, !1, these equations will be reduced to
~!2
2
’ − ’ − ’
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’4 + C: (23)
Now, let us solve the set of an algebraic equation and dierential equations (20-23).





To solve this, we use the residual gauge choice on . For simplicity, we take1
γ = Kr; (25)
1Actually, in order to obtain the solution, one can take an arbitrary choice.
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’4 + C: (28)








’4 + C: (29)
We have to solve Eq. (29) by using the solution for ’. Eq. (20) can be solved easily.





This describes the conguration of the boson eld inside a boson star. On the other hand,
outside the boson star,
’2 = 0: (31)




































2This equation (28) is consistent with the other equations (20) and (21).
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First, we solve the exterior solution. Since ’ = 0 outside the boson star, the solution




γ2 − B; (34)
where B is an integration constant.























Here we must remember that C = C=m







and set γ0 =
q



















dt! dt, we nd the metric is precisely the same as the well-known BTZ







































where D is a constant. The value of D is determined from the condition at the boundary
of the boson star, where ’ = 0. One can nd the condition for a smooth connection of the
exterior and interior solutions (from Eqs. (33), (34) and (38)):3

















From Eqs. (41) and (40), we get
K2C2
A2
D = 8GMo: (42)
What does the metric at the center of the boson star look like? As seen in Eq. (37),


















8GMo = 0: (43)
Thus the metric at the center of the boson star is written by using 0 as












− 1 is the value of ’2 at the center of the star.
In higher dimension more than three, we can x the natural value of the metric compo-
nent at the center. In three dimensions, we cannot take a denite choice, because there is
no local denition of mass; an additional constant is allowed because it does not lead to a
curvature singularity directly, unlike the higher-dimensional cases. This is also the reason
why an arbitrary constant remains in the study of Cruz and Zanelli [3] on relativistic stars
in (2 + 1) dimensions.
Nevertheless, we can choose a plausible choice of the metric at the center, in order to
give the denite properties of the boson star; if one wishes to know the general case, one
need only loose the constraint in the following analysis.









According to this choice, the spatial metric at the origin looks like the one with no conical
singularity. One can satisfy the condition (45) by tuning the value of the gauge xing
constant K.
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This choice makes the mass of the scalar boson denite. In other words, if we take
other values, the parameter m does not represent the mass of the excitation of the boson
eld ’ near the origin; the value must be rescaled. In the present case, since there is
no asymptotically flat spacetime region, the identication of mass parameter in the most
interior region is reasonable.




















The value of BTZ mass Mo is negative for small ’0. In particular, as ’0 goes to zero,
Mo approaches −1=(8G). One can take




as a denition of the intrinsic mass Mi, we call here. When ’0 vanishes, Mi becomes zero,









where the temporal coordinate has been appropriately normalized. Then we have so-called
AdS vacuum.4






gtt i (’@t’ − ’@t’) : (49)
Therefore we can calculate the particle number of the boson star by making use of the above
solution. It is given by
4Note that, in the presence of matter, the limit of \no matter" cannot yields so-called black hole
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The intrinsic mass and particle number of the boson star as functions of ’0 are plotted in
FIG. 1.
For small ’0, the mass and the partcle number are given approximately by




Both maxima of the mass and particle number as functions of ’0 are located at ’0 =




















Unfortunately, the solution of this equation cannot be expressed by the usual mathematical
functions. For small C, we can solve the equation (52) approximately and get ’0m 
(24C)
1=6.
The maximum values of Mi and N , which are denoted by Mi max and Nmax respectively,
is shown in FIG. 2 as functions of C. It is worth noting that the value of maximum BTZ
mass (Mo max = Mi max −
1
8G
) is positive for all nite values of C. In particular, in the
limit C = 0, the value of Mo max vanishes. The behavior of Mo max for small C is given by





3G). The value of Nmax in the limit C = 0 is 1=(4Gm).
The binding energy Eb max = Mi max − mNmax for the maximum case is negative for
suciently small C, as seen from FIG. 2. This implies that the boson star solution for
small C is energetically stable. When the value of C is larger than a critical value C crit,
























To see the meaning of the critical value, we plot the dependence of binding energy
Eb = Mi − mN on the particle number N for a xed C. FIG. 3 shows the so-called
bifurcation diagrams [6]. The cuspoidal point corresponds to the boson star with the mass
Mi max and the particle number Nmax. This point represents an absolute stable solution [6].
When C > C crit, however, the cuspoidal point is not a global minimum of the binding
energy. In this case, the boson star is not stable because the binding energy is positive for
all nite N .5
Lastly, we discuss the size of the boson star. We dene the radius of the boson star by
the radius of the boundary of the interior and exterior solutions, where ’ = 0. The radius






























The radius of the boson star with maximum mass as a function of C is plotted in FIG. 4.











































Of course Rb (54) is also obtained from this equation by setting ’ = 0. One can see from
(55) that  has no singular behavior, because 2 = ~!2= (’2 + 1). The proles of the boson
eld ’2 for specic values of C are shown in FIG. 5.
5Notice also that the point corresponding to N = 0 and Eb = 0 is always a minimum point,
because Eb  +’
6
0=(24GC) for small ’0.
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To summarize, we have obtained an exact solution describing a boson star with very large
self-coupling constant in (2+1) dimensions. There is a critical value forC = (=(8Gm
4))C,
C crit  2:5268. For C > C crit the binding energy turns to be positive, the boson star
conguration is not energetically favorable.
Explicit study of stability of the boson star under linear perturbations and pulsations
[1,2] will be discussed in future publications. The analysis of the boson star with an arbitrary,
nite value of the self-coupling is of much interest and will be necessary.
The rotation of the boson star6 is easily incorporated in the (2 + 1) dimensional model.
The rigorous result on a nonrotating boson star in this paper is a basis of the study of the
rotatinge case.
More general cases including such as a j’j6 coupling may exhibit more complicated
results,but the analysis of them can be carried out in the same manner as in this paper. We
expect that our analysis can also be easily extended to the solutions for fermion-boson stars
in three dimensions. It will be the subject to be studied elsewhere.
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FIG. 1. Boson star mass Mi in units of G
−1 (solid line) and particle number N in units of
(Gm)−1 (broken line) as functions of ’0 for dierent values of C: (a) C = 1. (b) C = 2:5268.
(c) C = 4.
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GMi max and GmNmax
FIG. 2. The value of maximum intrinsic mass Mi max in units of G
−1 (solid line) and The value
of maximum particle number Nmax in units of (Gm)
−1 (broken line) as functions of C.











FIG. 3. Binding energy Eb (in units of G
−1) as a function of N (in units of (Gm)−1) for C = 1
(solid line), C crit( 2:5268) (broken line), and 4 (dotted line).
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FIG. 4. The radius of the boson star Rb (in units of
p
=m2) with maximum mass Mi max as
a function of C.












FIG. 5. The behavior of the scalar eld ’2 as a function of R (in units of
p
=m2) for a boson
star with maximum mass Mi max for C = 1 (solid line), C crit( 2:5268) (broken line), and 4
(dotted line).
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